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Abstract
Using deformed Green’s oscillators and Green’s Ansatz,we construct a multi-
parameter interpolation between para-Bose and para-Fermi statistics of a given
order.When the interpolating parameters qij satisfy |qij| < 1 (|qij| = 1),the inter-
polation statistics is ”infinite quon”-like ( anyon-like ).The proposed interpolation
does not contain states of negative norms.
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1. Introduction
The properties of presently known particles are usually described in terms of an
effective field theory in which the field operators at space-like points commute or
anti-commute.The choice of commutation relations for bosons and anti-commutation
relations for fermions are uniquely determined by the spin-statistics theorem (Pauli
principle).During the past years much effort has been made to construct consistent
generalizations of Bose and Fermi statistics.One motivation comes from theoretical
and experimental search for possible violation of the Pauli exclusion principle in 3+1
dimensions [1].The other motivation comes from the study of some phenomena in
condensed matter whose dynamics is essentially two-dimensional [2].
Theoretically,there are two types of generalized statistics which follow from the
relations between creation and annihilation operators.
(i) One type of interpolation between Bose and Fermi statistics is described by a
continuous parameter. The characteristic example is infinite (quon) statistics [3,4]
and the other example is anyonic (braid) statistics in 2 + 1 dimensions [5].
The interpolating infinite (quon) statistics [3] is described by the following com-
mutation relations
aia
†
j − q a†jai = δij , (1)
∀i, j ∈ I, q ∈ R, −1 ≤ q ≤ +1,
and with the vacuum condition ai|0〉 = 0, ∀i ∈ I. It has been shown that the
corresponding Fock space is positive definite for −1 ≤ q ≤ +1 [4] and that the
different permutations of a given multiparticle state are linearly independent, i.e.
all representations of the symmetric group can occur .
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In the lower number of dimensions ,interpolating statistics are described by frac-
tional statistics of anyons. The anyonic-type exchange algebra of annihilation and
creation anyonic operators ai,a
†
i ,(i ∈ I) is characterized by a continuous statistical
parameter λ , λ ∈ [0, 1] [5]:
aia
†
j − eıλpisgn(i−j) a†jai = 0 i 6= j, i, j ∈ I,
aia
†
i − cos(λpi) a†iai = 1,
aiaj − e−ıλpisgn(i−j) ajai = 0,
(2)
The vacuum condition is ai|0〉 = 0, ∀i ∈ I. The set {I} can be position or momentum
space,discrete or continuous. The anyonic algebra can be obtained from the Bose
algebra by mapping defined in [6]. It is now widely accepted that particles with
fractional statistics are likely to play a role in fractional Hall effects and some other
phenomena in condensed matter [2].
Both interpolations,anyonic and quonic,can be unified in a generalized quon al-
gebra [7]
aia
†
j − qija†jai = δij , q∗ij = qji, ∀i, j ∈ I (3)
with the vacuum condition ai|0〉 = 0, ∀i ∈ I.
(ii) Another type of generalized statistics is parastatistics ( para-Bose and para-
Fermi statistics),proposed by Green [8].These were the first consistent generaliza-
tions of Bose and Fermi statistics.Parastatistics are characterized by a discrete pa-
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rameter p ∈ N (order of parastatistics).They are described by trilinear relations:
[ak, [a
†
l , am]±] = (
2
p
)δklam,
[ak, [a
†
l , a
†
m]±] = (
2
p
)(δkla
†
m ± 2δkma†l ),
[ak, [al, am]±] = 0,
(4)
with the vacuum conditions ak|0〉 = 0 , aka†l |0〉 = δkl|0〉, k, l ∈ I and p ∈ N .
The sign + (-) corresponds to the para-Bose (para-Fermi) algebra.Note that the last
two relations are not independent but follow from the first one.The corresponding
Fock space has no states with negative norms.For p = 1 the para-Bose (para-Fermi)
algebra becomes the Bose (Fermi) algebra and for p = ∞ the para-Bose (para-
Fermi) algebra becomes the Fermi (Bose) algebra .The possibility of describing some
physical models in solids in terms of quasi-particles which obey para-Fermi statistics
has recently been discussed by Safonov [9].
There were a few attempts to perform a continuous interpolation between different
parastatistics [10].The proposed interpolating trilinear commutation relations are
[aia
†
j + q a
†
jai, ak] = ρδjkai, (5)
with the vacuum conditions ak|0〉 = 0 , aka†l |0〉 = δkl|0〉, k, l ∈ I.For ρ = −(2p)q ,
p ∈ N and q = +1(−1) , one recovers the para-Bose (para-Fermi) algebra.However,it
was shown that for the generic q the corresponding Fock-like space contained states
with negative norms [11].Hence,no small violation of parastatistics, described by
Eq.(5),is allowed.Recently,Speicher [12] and two of us [7] indicated the possibil-
ity of continuous interpolation between parastatistics without states with negative
norms,but no explicit construction was presented.
In this Letter we describe a general construction of a continuous interpolation
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between the para-Bose and the para-Fermi algebra of a given order p.The construc-
tion is performed in such a way that the Fock space does not contain states with
negative norms.Furthermore, for p = 1 and p = (∞) the construction reduces to the
quonic interpolation (Eq.(1)) or to the anyonic interpolation (Eq.(2)),depending on
interpolating parameters qij .
2. q-deformed Green’s Ansatz
We start with the generalized quon algebra,Eq.(3),and use it to deform the Green’s
Ansatz for the parastatistics [8] in the following way (the algebraic structure of the
Green’s Ansatz and its q-deformed analogue is described in [13]):
bαi b
†β
j − qαβ b†βj bαi = δαβδij, i, j ∈ I, α, β = 1, 2, ..p
qαβ = q∆αβ ≡ q (2δαβ − 1), q ∈ R, −1 ≤ q ≤ +1,
(6)
with the vacuum conditions bαi |0〉 = 0, bαi b†βj |0〉 = δαβδij |0〉.Note that for |q| < 1
there are no commutation relations between bαi ,b
β
j .
If q = +1(−1), the oscillators bαi and b†αi reduce to the ordinary Green’s oscilla-
tors,leading to the para-Bose (para-Fermi) algebra,Eq.(4). The main point of our
construction is that the Fock space corresponding to the commutation relation (6)
does not contain states with negative norms if |q| ≤ 1 (see [14,15]).
Let us define the operators Ai,A
†
i ,i ∈ I, in the same way as in the ordinary
Green’s Ansatz [8],namely:
Ai =
1√
p
p∑
α=1
bαi , A
†
i =
1√
p
p∑
α=1
b
α†
i . (7)
The Fock space F(Ai) created by the A†i operators can be built.It is important to
note that F(Ai) is a subspace of the initial Fock space F (bαi ),and therefore the
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space F(Ai) automatically does not contain states with negative norms since F (bαi )
does not contain states with negative norms.
Let us define the matrix A(n) of inner products with the matrix elements:
A(n)i1···in;j1···jn = 〈0|Ain · · ·Ai1A†j1 · · ·A†jn |0〉 (8)
where {i1 · · · in;j1 · · · jn} ∈ I. If indices i1 · · · in are mutually different,the matrix
A(n) is an (n!× n!) matrix whose diagonal elements are equal to 1.
We find that an arbitrary matrix element is
A(n)pi(i1···in);σ(i1···in) =
1
pn
∑
α1,···αn
∏
a,b
qαaαb . (9)
Here,pi and σ are elements (permutations) of the permutation group Sn. The prod-
uct is taken over those pairs a, b = 1, · · ·n,which satisfy a < b and (σ−1pi)(a) >
(σ−1pi)(b). From the general theorem on positivity [14,15] it follows that the gen-
eral matrix A(n),n ∈ N,is positive definite for |q| < 1,and therefore the states
pi(A†i1 · · ·A†in)|0〉,where pi ∈ Sn and (i1 · · · in) are mutually different,are linearly in-
dependent as for quons [3,4].
However,the operators Ai,A
†
i ,i ∈ I, do not close the commutation relations between
themselves,except for q = ±1, corresponding to the ordinary parastatistics,Eq.(4).
Namely,
AiA
†
j = δij − q A†jAi + q Kij
Kij = (
2
p
)
∑p
α=1 b
α†
j b
α
i
(10)
andKij cannot be expanded in terms of theAi,A
†
i operators i.e. cannot be eliminated
from the commutation relations except for q = ±1. For example, the action of the
Ai operator on the state A
†
jA
†
kA
†
m|0〉 is not contained in the space F(A) if |q| < 1.If
q = ±1 it is contained in F(A).
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3. Construction of interpolation between paras-
tatistics
The operators Ai,A
†
i do not close and hence do not achieve desired interpolation be-
tween the para-Bose and para-Fermi algebra.Nevertheless,the matrices A(n),Eq.(9),
represent the desired interpolation between the corresponding matrices for the para-
Bose and para-Fermi algebras.To perform our construction of interpolating commu-
tation relations between the para-Bose and para-Fermi algebra,Eq.(4),we look for
the operators ai, a
†
i ,i ∈ I with closed commutation relations of the type
aia
†
j = Γij(a
†, a) i, j ∈ I, (11)
with the vacuum conditions ai|0〉 = 0, aia†j |0〉 = δij |0〉, i, j ∈ I and where Γij de-
notes a sum of all possible independent normally ordered terms.Then we build a
Fock-like space F(a).The main requirement is that the matrix of inner products
in F(a), A(n)i1···in;j1···jn = 〈0|ain · · · ai1a†j1 · · · a†jn|0〉, should be identical to the corre-
sponding matrix elements,Eq.(9). This requirement ensures that the interpolation
between para-Bose and para-Fermi statistics, based on Eq.(9), is continuous and
that the corresponding Fock space F(a) does not contain states of negative norms
(since all matrices A(n) are positive definite [14,15]). This procedure is well defined
[16].Namely, Eq.(11) can be expanded as
Γij ≡ aia†j = δij + C(ij)a†jai +
∑
k
∑
pi,σ∈S2
C(ij;k)pi,σ pi(a
†
ja
†
k)σ(akai) + · · ·
· · ·+ ∑
k1,···kn
∑
pi,σ∈Sn+1
C(ij;k1···kn)pi,σ pi(a
†
ja
†
kn
· · ·a†k1)σ(ak1 · · · aknai) (12)
The summation is performed over those permutations pi,σ ∈ Sn+1 for which the
states pi(ak1 · · · aknai) are independent.Note that the expansion (12) could lead to
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Fock space with states with negative norms.However, the negative norm states
do not appear, owing to our requirement. The unknown coefficients Cpi,σcan be
uniquely determined [16].Moreover,the commutation relations (11) and (12) imply
that aiF(a) ⊂ F(a) and vice versa, i.e.
aia
†
j |0〉 = δij |0〉,
aia
†
i1
a
†
i2
|0〉 = δii1a†i2 |0〉+ Φii1i2;i1 δii2a†i1 |0〉,
aia
†
i1
· · · a†in |0〉 =
∑n
k=1
∑
pi∈Sn−1 Φ
i
i1···in;pi(i1···6ik···in)
pi(a†i1 · · · 6a†ik · · · a†in)|0〉,
(13)
where the summation on the RHS is performed over the linearly independent states.The
slash denotes the omission of the corresponding operator a†ik . One easily finds the
coefficients {Φ} as
{Φ} = ∑
σ∈Sn−1
[A(n−1)pi,σ ]−1A(n)(k,σ);id. (14)
Here, (k, σ) denotes the indices {k, σ(1), · · ·σ(k − 1), σ(k + 1), · · ·σ(n)}. We point
out that Eq.(12) represents recurrent relations for Cpi,σ, which always have a unique
solution since the determinant of this linear system is always regular.
The solution of recurrent relations ,Eq.(12),to the second order in the operators a
and a† is:
aia
†
j = δij + q(
2
p
− 1) a†jai +
8p(p− 1)q3
[p2 − (p− 2)2q2]2
∑
k∈I
[Yjk]
†[Yik] + · · · (15)
with Yik = aiak − q(2p − 1) akai , −1 ≤ q ≤ 1 and p ∈ N. The limiting cases,
p = 1 and p =∞ correspond to the quon interpolation between the Bose and Fermi
algebra [3,4].
If q = ε = ±1 and for p ∈ N, we find
aia
†
j = δij + ε (
2
p
− 1)a†jai +
εp
2(p− 1)
∑
k∈I
[Yjk]
†[Yik] + · · · , (16)
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with Yik = aiak − ε(2p − 1) akai. For ε = +1(−1) this corresponds to the ordinary
para-Bose (para-Fermi) commutation relations [4].It is easy to show that for p = 1
the above equation reduces to the Bose (Fermi) algebra for ε = +1(−1), respectively,
since Yik = aiak − ε akai ≡ 0 and these terms do not appear in the expansion (16).
The similar argument holds for p =∞.
Hence,we have constructed an infinite (quon) statistics interpolating between the
para-Bose and para-Fermi algebra of the pth order.The norms of all Fock states are
positive definite for |q| < 1.Note that, even for the ordinary parastatistics, Eq. (12)
contains an infinite set of terms on the RHS [16].
4. Multiparametric deformation of Green’s Ansatz
We point out that our construction can be extended to an arbitrary multiparametric
interpolation between Green’s oscillators,Eq.(6), i.e. between the para-Bose and
para-Fermi algebras.In this case we write Eq.(6) as
bαi b
†β
j − qiα,jβ b†βj bαi = δαβδij , (17)
qiα,jβ = qij ∆αβ,
where q∗ij = qji and |qij | ≤ 1.
The generic matrices A(n),Eq.(8), can be easily calculated (see Eq.(9)):
A(n)pi(i1···in);σ(i1···in) =
1
pn
∑
α1,···αn
(
∏
a,b
qiajb)(
∏
a,b
∆αaαb), (18)
∆αaαb = 2δαaαb − 1,
where the products are taken over those pairs a, b = 1, · · ·n,which satisfy a < b and
(σ−1pi)(a) > (σ−1pi)(b).
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For example,A(2) is given by
A(2) =
(
1 qij(
2
p
− 1)
q∗ij(
2
p
− 1) 1
)
.
The multiparametric interpolation between para-Bose and para-Fermi oscillators
to the second order in ai, a
†
j is
Γij ≡ aia†j = δij + qij (
2
p
− 1) a†jai + 8p(p− 1)
∑
k∈I
Qji;k [Yjk]
†[Yik] + · · · , (19)
Qji;k =
qjiqjkqik
[p2 − (p− 2)2|qkj|2][p2 − (p− 2)2|qki|2] ,
Yik = aiak − qki (2
p
− 1)akai.
Remark
Speicher [12] suggested q-para-Bose (q- para-Fermi ) fields defined through the q-
deformed Green’s oscillators
bαi b
†α
j − ε b†αj bαi = δij,
bαi b
†β
j = εq b
†β
j b
α
i , α 6= β.
(20)
For q = +1 and ε = +1(−1), this corresponds to Bose ( Fermi ) oscillators.For
q = −1, one recovers para-Bose (para-Fermi) oscillators when ε = +1(−1), respec-
tively.This is also a special case of Eq.(17) with
qiα,jβ = ε[(1− q)δαβ + q],
and it interpolates between the p Bose (Fermi) oscillators and p para-Bose (para-
Fermi) oscillators, respectively.
5. Anyonic deformation of Green’s Ansatz
In the same way we can construct an anyonic-like interpolation between Green’s
oscillators, i.e. between the para-Bose and para-Fermi algebras of a given order
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p ∈ N.In this case,in Eq.(6) we replace qαβ with
qαβ → qiα,jβ = qij ∆αβ , (21)
qij =
{
eıϕij if i 6= j
cos(λpi) if i = j
where ϕij ∈ R.
The generic matrix A(n) can be obtained from Eq.(18). The interpolating commu-
tation relations (to the lowest order in ai, a
†
j) are given by Eq.(19) with qij given
in Eq.(21). For p = 1 and p = ∞, they reduce to the anyonic algebra ,Eq.(2).
For ϕij = 0 (pi), the relations (19,21) reduce to the ordinary para-Bose (para-Fermi)
relations.
Contrary to the quonic interpolation of the preceding section,in this case there ex-
ists a well-defined mapping of the Bose algebra (of the Jordan-Wigner type,see[6])
leading to the algebra (17) (with qαβ given by Eq.(21)),that is
bαi = e
ı
∑
j
cijNj +ıµpi
∑
β
θαβNβ Bαi
√
[Niα]ω
Niα
(22)
[Niα]ω =
ωNiα − 1
ω − 1 , ω = − cosλpi cosµpi,
ϕij = cij − cji,
where θAB is a step function (θAB = 1 (0) if A > B (A ≤ B)), Nj = ∑αNjα,
Nα =
∑
j Njα are number operators and B
α
i are bosonic operators,which satisfy
[Niα, B
β
j ] = −δαβδij Bαi . The resulting algebra is
bαi b
†β
j − eıϕijeıµpisgn(α−β) b†βj bαi = 0, (i, α) 6= (j, β),
bαi b
†α
i − ω b†αi bαi = 1,
bαi b
β
j = e
−ıϕije−ıµpisgn(α−β) b
β
i b
α
i , (23)
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The algebra (17)(with qαβ given by Eq.(21)) is reproduced with µ = 1. However,
additional commutation relations between bαi and b
β
i emerge in the anyonic case
( |qij| = 1),in contrast to the case |qij| < 1.Note also that there is another anyonic
interpolation between Green’s oscillators characterized by mapping,Eq.(22),with the
choice of parameters cij = 0 and µ ∈ [0, 1].
6. Conclusion
We have considered multiparametric interpolations between the para-Bose and para-
Fermi oscillator algebras of a given order p ∈ N,Eqs.(4). The construction has been
performed using deformed Green’s oscillators and requireing that the corresponding
Fock space does not contain negative norm states. When the interpolating param-
eters qij in Eq.(17) satisfy |qij| < 1, the interpolation between parastatistics goes
through the generalized infinite ( quon) statistics,and if |qij| = 1,∀i, j ∈ I, the in-
terpolation is of the anyonic type (i.e. the corresponding A(n) matrices are singular
and characteristic anyonic exchange factors appear).In the anyonic-type interpola-
tion, oscillators can be obtained from para-Bose oscillators by a mapping. Let us
remark that statistical properties are connected with the rank of the matrices A(n)
and this is not a continuous function of the deformation parameters qij [16].It would
be interesting to explore whether such interpolating statistics are compatible with
cosmological arguments presented in [17]. It is also an open question whether the
anyonic-like parastatistics described in this Letter might have applications in models
of condensed matter physics and field theory.
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